Abstract. In this paper we study of densities of the 4-rank of narrow ideal class groups of real quadratic function fields over the rational function field Fq(T ) when q ≡ 3 mod 4.
Introduction and statement of result
Let k = F q (T ) be the rational function field over the finite field F q of odd characteristic and ∞ be the prime of k associated to 1/T , which is called the infinite prime of k. Let K be a quadratic extension of k. We say that K is real extension of k if ∞ splits and imaginary extension of k otherwise. In this paper, by a real quadratic function field we always mean a real quadratic extension of k. Wittmann [6] motivated by Gerth's article [2] has studied the distribution of the 4-rank of ideal class groups of (ramified) imaginary quadratic function fields K over k. The aim of this paper is to study the distribution of the 4-rank of (narrow) ideal class groups of real quadratic function fields K over k.
Let 
We also define the limit density
For any 0 < x < 1 and n ∈ N ∪ {∞}, we put (
The main result of this paper is the following theorem. Theorem 1.1. Assume that q ≡ 3 mod 4. Then the limit density δ ∞ (r) exists for all r ≥ 0, and we have
For small values of r, the limit density α ∞ (r) equals (up to 10 decimal digits): Proof. Note that Ker(π)
where A, B ∈ A are chosen to satisfy deg
1). Thus ψ is surjective, and it induces an isomorphism k
Write r 2 (D) and r
q , and in this ex-
we get an exact sequence (by Snake Lemma)
By (2.2) and (2.4), we see that Ψ is surjective and 
Narrow genus field
Proof. Note that the narrow Hilbert class field H + D of k D can be characterized as the maximal abelian extension of k D which is unramified at all finite primes and which is contained in F q (( −1/T )). Hence,
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Rèdei-matrix
Let D ∈ D with monic irreducible factorization 
Proof. We follow the arguments in [5, §3] . Consider the following composite map 
Since Φ is a linear map of F 2 -vector spaces and
where R D is a matrix representing Φ. By Proposition 2.3, we have G
is the following F 2 -subspace of codimension 1: 
and on the other hand by definition of the Artin symbol
where P j |p j is a prime ideal of G + D . Hence, for i = j, we get
The diagonal entries m ii are given by the relation 
Since any prime ideal of O D which is inert over k is a principal generated by a monic irreducible polynomial, and since the classes of the ramified prime ideals are among the generators of C G D , we can assume without loss of generality that b is an integral ideal such that all the prime ideals dividing it are completely split in k D /k. We can also assume that b is square free. Write b = v q v , where q v is a prime ideal of O D which is inert over k. Let Q v be the monic irreducible polynomial such that Then we have r 
